Abstract. Let R p ⊆ R ⊆ R be a tower of commutative rings where R is a regular affine domain over an algebraically closed field of prime characteristic p and R is a regular domain. Suppose R has a p-basis
Introduction
Let A p ⊆ A ⊆ A be a tower of commutative rings of prime characteristic p, {ϕ 1 , . . . , ϕ r } a subset of A and S {ϕ 1 ,...,ϕ r } the set of prime ideals p in A such that {ϕ 1 , . . . , ϕ r } is a p-basis of A p over A q (q = p ∩ R ). Suppose that A is a Galois extension over A , where we use the notion of Galois extension in the sence of Yuan [9] . It is known that for any element p of S {ϕ 1 ,...,ϕ r } there exists some f ∈ A − q such that {ϕ 1 , . . . , ϕ r } is a p-basis of A f over A f (cf. the proof of Lemma 7 in [9] ). Hence the Zariski open subset {p ∈ Spec A | f ∈ p} of Spec A is contained in S {ϕ 1 ,...,ϕ r } . This implies that S {ϕ 1 ,...,ϕ r } is a Zariski open set in Spec A. This is an easy fact for S {ϕ 1 ,...,ϕ r } . But it seems that we do not know much information on S {ϕ 1 ,...,ϕ r } .
Our aim is to study by a geometrical approach the subset M {ϕ 1 ,...,ϕ r } which consists of maximal ideals contained in S {ϕ 1 ,...,ϕ r } when A is a regular affine domain and A is a regular subdomain of A.
Throughout this paper, let k always be an algebraically closed field of prime characteristic p, and let R be the affine domain
and R a subring of R containing R p . Moreover R and R satisfy the following conditions:
(1) Both R and R are regular,
, where Q( ) is the field of fractions of a ring .
By condition (1) , R has locally p-bases over R (see the Theorem of [3] or Theorem 15.7 of [5] ) so that R is a Galois extension over R . Similarly R is also over R p . When R is a polynomial ring, a set of variables of R is a p-basis of R over R p . Hence condition (2) is always satisfied in this case.
Let A n be the affine n-space Specm k[x 1 , . . . , x n ], X the non-singular subvariety Specm R of A n , m α the maximal ideal of R corresponding to α = (α 1 , . . . , α n ) ∈ X, 
is equal to the complement of the inverse image of some Schubert cycle of G(l, V {ϕ} ) (Corollary 2.6). Moreover we shall show that R has a p-basis over R p if there exists a p-basis {λ} of R over R p such that the morphism Ψ {λ} : X → G(l, V {λ} ) is constant (Proposition 2.7 and Corollary 2.8), and we shall refer to what is related to the result of Ganong [1] (Corollary 2.9). Next we shall give three examples which induce the morphism Ψ {ϕ} from an affine plane to a projective line (Examples 3.3 (A), 3.4 (B) and 3.5 (C)). In particular, Examples 3.3 (A) and 3.4 (B) are the cases such that for every set of variables of an affine plane the morphism is surjective.
Our main results are based on well-known facts about p-bases and Kähler differentials. For general facts concerning p-bases of a local ring, resp. field extension, see [5] , [6] or [7] .
Main results

Let Ω
Rdϕ j and d is given as We define the map d Since R and R have locally p-bases over R and R p , respectively, their modules of differentials are projective of ranks r − l and l, respectively (cf. Theorem 15.7 of [5] ), and one has the fundamental split-exact sequence
R/R p corresponds to a subspace of V {ϕ} of dimension l which we denote by V α and consider as a point of the Grassmannian G(l, V {ϕ} ). Definition 2.1. We define a map
by the rule Ψ {ϕ} (α) = V α for α ∈ X, and we write
Clearly the map Ψ {ϕ} depends on the choice of p-bases of R over R p .
Proposition 2.2. The map Ψ {ϕ} is a morphism, so that
Proof. If elements a 1 , . . . , a l ∈ R form a p-basis of R α over R D j a i (α)) i=1,...,l,j=1,. ..,r . Since the p-basis is also one of R β over R p β for points β ∈ X in a neighborhood of α, the map Ψ {ϕ} is a morphism. The last assertion follows from the above argument. 
by the rule Φ Γ s (α) = W α for α ∈ X where each W α can be represented by (D j b h (α)) h=1,...,s,j=1,. ..,r . Clearly Φ Γ s is also a morphism.
Let Σ 1 (W α ) be the Schubert cycle of G(l, V {ϕ} ) which is the subset of l-dimensional vector spaces that meet W α in a subspace of dimension at least one. We write
Lemma 2.4. If s = r − l, then for any α ∈ X the following conditions are equivalent:
Proof. Condition (a) and the above exact sequence ( * * ) imply that the images of db 1 , . . . , db r−l in Ω 
Proof. Condition (a) in Lemma 2.4 is equivalent to
is a p-basis of R α over R α for any α ∈ X and hence a p-basis of R over R . r−l,j=1,. ..,r = r − l, and W r−l the subspace of V {ϕ} which is spanned by
Proposition 2.7. If there exists a p-basis {λ
Proof. After a suitable k-linear change of {λ 1 , . . . , λ r }, we may assume that the image of Φ {λ} is the vector space U ⊂ V {λ} spanned by = 1, . . . , l) . Then the point U can be represented by the matrix (ρ ij (α)) i=1,...,l,j=1,. ..,r , and since it can also be represented by (δ ij ) i=1,...,l,j=1,. ..,r it follows that g := det(ρ ij ) i,j=1,...,l = 0. In R fg the matrix 
Proof. This assertion immediately follows from Proposition 2.7.
When R p ⊂ R ⊂ R is a tower of polynomial rings over k in two variables, Ganong proved in [1] that there always exists a set {λ} of variables
is constant. This implies that the converse statement of the above holds for n = 2. But we do not know whether the converse statement holds for any n ≥ 3. 
Examples
In this section we shall give three examples of a tower R p ⊆ R ⊆ R of rings such that R is a polynomial ring over k in two variables and [Q(R ) : Q(R p )] = p. First of all we prepare the following two facts: 
